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Abstract
For a proper theoretical description of the top quark pair production cross section at the First
Muon Collider in the kinematic regime away from the threshold the complete mass and energy
dependence has to be taken into account. Two-loop calculations for the photon mediated total
cross section are reviewed.
For experiments at the Z pole quark mass effects in the total hadronic cross section σ(e+e− → hadrons)
can often be neglected in the first approximation and treated perturbatively in an expansion in the
ratio M2quark/s, where
√
s is the c.m. energy. The situation is quite different for top quark pair
production at the First Muon Collider, where c.m. energies up to 500 GeV are planned. Here, the
tt¯ threshold energy1 (
√
s)thr = 2Mt ≈ 350 GeV and the c.m. energies are comparable in size and an
expansion in M2t /s is not adequate. In the immediate vicinity of the threshold point conventional
multi-loop perturbation theory breaks down and a resummation of Coulomb terms ∼ (CF αs pi/β)n,
n = 0, 1, 2, . . . (β = (1− 4M2t /s)1/2 being the c.m. velocity of the top quarks), has to be carried out to
all orders in the strong coupling (see [1, 2]). This complication is avoided if only energies sufficiently
above the threshold point are considered. As a rule of thumb one can take the relation CFαspi/β < 2
as a requirement to avoid the complication of the threshold regime [3]. For tt¯ production this means
that conventional multi-loop methods can be used for c.m. energies which are at least 10 GeV above
the threshold point.
∗Talk presented at the Workshop on Physics at the First Muon Collider and the Front End of a Muon Collider,
Fermilab, November 6 - 9, 1997, to appear in the proceedings.
1 Throughout this talk Mt is understood as the top quark pole mass. The constants CA = 3, CF = 4/3 and T = 1/2
denote SU(3) group theoretical factors and α is the electromagnetic coupling.
In this talk I report on developments in the past two years in the determination of two-
loop O(α2s) QCD corrections to the total tt¯ production cross section where the full dependence on
the top quark mass has been taken into account. Since the results for the production of tt¯ pairs
through the axial-vector current are not completed yet,2 only the photon-mediated contributions are
considered. Therefore, the result presented here cannot be considered as absolute predictions for tt¯
production at the First Muon Collider. Rather they should be taken as an indication for the size and
importance of all the O(α2s) contributions. In particular, they can illustrate the stability of the results
for variations in the renormizalization scale and their sensitivity on the strong coupling and the top
quark mass. Assuming the notation and conventions used in [3], the total photon-mediated tt¯ cross
section normalized to the point cross section σpt = 4piα
2/3s can be cast into the form,
R =
σ(e+e− → γ∗ → tt¯)
σpt
= Q2t
[
R(0) +
(
α
(5)
s (µ2)
pi
)
CF R
(1)
+
(
α
(5)
s (µ2)
pi
)2 (
C2F R
(2)
A + CF CAR
(2)
NA + CF T nlR
(2)
l + CF T R
(2)
F
) ]
. (1)
R(0) an R(1) denote the well known expressions for the Born cross section and the one-loop [6] cor-
rections. αs(µ
2) is the strong coupling in the MS scheme at the scale µ for nl = 5 light flavors. The
Abelian and non-Abelian parts R
(2)
A and R
(2)
NA come from two gluon exchange two-loop diagrams and
have been calculated numerically in [7, 8, 9] using Pade` approximation methods. The uncertainties
coming from possible choices of different Pade` approximants can be ignored for practical purposes.
Handy approximation formulae for R
(2)
A and R
(2)
NA which reduce to the correct analytic expressions in
the high energy and the small velocity limit can be found in [8]. R
(2)
l and R
(2)
F originate from one
gluon exchange diagrams with the insertion of a massless and a top quark loop, respectively. R
(2)
l also
contains the effects from real radiation of a massless quark pair through gluon radiation off one of the
top quarks. It should be noted that both, the real and virtual radiation of massless quark pairs, have
to be taken into account to render the O(α2s) contributions in R(2)l infrared finite. R
(2)
l and R
(2)
F have
been calculated in closed analytic form in [10, 11] using dispersion relation techniques for the virtual
corrections and integration of the four-body phase space for the real corrections. In [9] and [11] also
the complete set of “non-singlet” axial-vector current induced O(α2s) corrections can be found. The
O(α2s) contributions coming from secondary radiation of tt¯ pairs through gluon radiation off massless
quarks are numerically small and can be neglected [12]. To fix our notation explicitly I present the
complete form of the Born and one-loop contributions,
R(0) =
3
2
β (3− β2) ,
R(1) = 3
{ (
3− β2) (1 + β2)
2
[
2Li2(p) + Li2(p
2) + ln p
(
2 ln(1− p) + ln(1 + p)
) ]
− β (3− β2)
(
2 ln(1− p) + ln(1 + p)
)
− (1− β)
(
33− 39β − 17β2 + 7β3)
16
ln p +
3β
(
5− 3β2)
8
}
, (2)
2 Two-loop corrections for the total Z-mediated production cross section have been calculated recently in an expansion
in M2t /s up to order (M
2
t /s)
6 [4]. These results, however, have only limited applicability for the First Muon Collider, in
particular for lower energies [5].
2
where p = (1−β)/(1+β). In Fig. 1 R is plotted versus √s including successively higher orders in αs.
The O(α2s) cross section is displayed for different choices of the renormalization scale. The stability
under renormalization scale variations has been improved by also including the known three-loop
O(α3s) in the large momentum expansion [13, 14, 15]. In Fig. 2(a) the sensitivity of R on the strong
coupling and in Fig. 2(b) on the top quark mass are illustrated.
This work is supported in part by the U.S. Department of Energy under contract No. DOE DE-FG03-
90ER40546.
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Figure 1: The total normalized photon-mediated cross section at the two-loop level versus
√
s for the
renormalization scales µ = Mt (dashed), µ = 2Mt (solid) and µ =
√
s (dotted line), Mt = 175 GeV
and α
(5)
s (Mz) = 0.118. For comparison also the Born (wide dots) and the one-loop cross section for
µ = 2Mt (dashed-dotted line) are displayed. To improve the stability under renormalization scale
variations the known three-loop O(α3s) in the large momentum expansion have been added to the
two-loop cross section. The plot is taken from [3].
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